I -INTRODUCTION
The p r e s e n t work w i J l g e n e r a l i z e a previous paper presented a t the Third Oxford Conference on Mechaqical P r o p e r t i e s a t High Rates of S t r a i n / I / , which was concerned with r a t e dependent p l a s t i c deformation of i s o t r o p i c m a t e r i a l .
The a p p l i c a t i o n of the c u r r e n t e f f o r t is t o t h e p l a s t i c deformation of m a t e r i a l s which cannot be modelled a s i s o t r o p i c , e.g. heavily worked metals with d i r e c t i o n a l l y o r i e n t e d c r y s t a l s , p a r t i a l l y o r i e n t e d s h o r t f i b e r composite m a t e r i a l s , and u n i d i r e c t i o n a l f i b e r composites.
B r i t t l e f i b e r composites which behave e l a s t i c a l l y u n t i l f a i l u r e and the v i s c o e l a s t i c behavior of some r e s i n matrix m a t e r i a l s with r a t e dependent moduldi a r e n o t included within the intended scope of t h e theory.
The r a t e e f f e c t of primary i n t e r e s t i s the observed i n c r e a s e i n y i e l d s t r e s s with s t r a i n r a t e .
This d a t a is obtained from a sequence of c o n s t a n t r a t e , u n i a x i a l s t r e s s t e s t s performed a t d i f f e r e n t s t r a i n r a t e s . Yield s t r e s s i n c r e a s e s of 10% t o 20% over a " s t a t i c " value may be measured f o r some m a t e r i a l s f o r even moderate r a t e s of load a p p l i c a t i o n /2/.
This so-called " s t r a i n -r a t e strengthening" should be included i n s t r u c t u r a l a n a l y s i s .
Another m a t e r i a l behavior t r a c e a b l e t o r a t e e f f e c t is the appearance of creep-like phenomena a t room temperature / 3 / .
I f a m a t e r i a l i s loaded t o a s t r e s s above t h e y i e l d p i n t and t h i s load maintained, p l a s t i c s t r a i n w i l l continue t o grow u n t i l a l i m i t i n g value is reached. Thus, t h e t o t a l p l a s t i c s t r a i n from a loading p u l s e depends not only on the maximum s t r e s s achieved, but a l s o on the d u r a t i o n of the pulse.
These experimentally observed r a t e dependent phenomena a r e most commonly modelled a t t h i s time by one of two methods.
The f i r s t method involves t h e use of t h e theory of rate-independent p l a s t i c i t y . However, the parameters used i n the model, e.g. the y i e l d s t r e s s , a r e obtained from s t r e s s -s t r a i n experiments performed a t high s t r a i n r a t e s .
The use of these "dynamic" p r o p e r t i e s i n t h e rate-independent theory has
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1985510 JOURNAL DE PHYSIQUE been shown t o g i v e a c c e p t a b l e p r e d i c t i v e c a p a b i l i t i e s f o r some problems where a l a r g e p o r t i o n of t h e deformation occurs near t h e "dynamic" r a t e , most notably f o r u n i a x i a l p l a s t i c wave propagation /4/. This model cannot be a s a c c u r a t e f o r widely v a r i a b l e loading r a t e s and does n o t give i n s i g h t i n t o t h e m a t e r i a l behavior a t t h e peak of a load p u l s e , where the loading r a t e i s zero.
The second common method is o v e r s t r e s s v i s c o p l a s t i c i t y /5/. This model assumes t h a t t h e p l a s t i c deformation is a viscous flow, driven by t h e excess of the applied s t r e s s component over the c u r r e n t s t a t i c y i e l d s t r e s s . The l i n e a r form of t h i s o v e r s t r e s s c o n s t i t u t i v e r e l a t i o n i s seldom used, r a t h e r an exponential o r power f u n c t i o n i s assumed i n order t o f i t c o n s t a n t r a t e d a t a . It is p r e f e r a b l e from a t h e o r e t i c a l view to f i t a m a t e r i a l parameter t o the r a t e d a t a and then t o d e r i v e t h e form of the c o n s t i t u t i v e f u n c t i o n f o r v a r i a b l e loading r a t e s .
There a r e o t h e r models of m a t e r i a l i n e l a s t i c behavior t h a t a l s o p r e d i c t r a t e e f f e c t s .
(See t h e review by Bodner/6/.) However, t h e s e c o n s t i t u t i v e equations a r e not widely used i n computations, such a s f i n i t e element s t r e s s a n a l y s i s codes.
The purpose of t h e p r e s e n t work then w i l l be t o d e r i v e a c o n s i s t e n t model of o r t h o t r o p i c p l a s t i c i t y with r a t e e f f e c t s .
The p o i n t of view w i l l be t h a t of the s t r u c t u r a l a n a l y s t ; t h e r e s u l t i n g c o n s t i t u t i v e equations must be computationally u s e f u l and compatible with numerical s t r e s s a n a l y s i s codes.
The approach w i l l be t o make t h e s i m p l e s t extension of t h e c l a s s i c a l a n i s o t r o p i c theory which y i e l d s a c o n s i s t e n t theory of rate-dependent p l a s t i c i t y .
1t w i l l be shown t h a t it i s s u f f i c e n t t o add an a p p r o p r i a t e i n t e r n a l r a t e v a r i a b l e t o t h e formal d e f i n i t i o n of the y i e l d s u r f ace.
-EQUATIONS OF THE PLASTIC STATE
The c e n t r a l concept of most p l a s t i c i t y t h e o r i e s is t h e y i e l d s u r f a c e . This is a s u r f a c e i n s t r e s s space, where t h e s t r e s s components a r e axes, which encloses t h e zone of e l a s t i c response /7/. A s t h e load i s increased i n i t i a l l y from a s t r e s s f r e e s t a t e i n any d i r e c t i o n , the m a t e r i a l behaves e l a s t i c a l l y u n t i l some p o i n t , where p l a s t i c behavior i n i t i a t e s .
The locus of a l l such p o i n t s is the y i e l d s u r f a c e . The shape of t h i s s u r f a c e may be approximated a n a l y t i c a l l y a s a f u n c t i o n of the s t r e s s components. For i s o t r o p i c m a t e r i a l s , t h e a n a l y t i c r e p r e s e n t a t i o n is simple; f o r a n i s o t r o p i c m a t e r i a l s t h e f u n c t i o n a l form may be very involved.
Most m a t e r i a l s harden due t o p l a s t i c deformation, t h a t i s , the y i e l d s t r e s s i n the d i r e c t i o n of p r i o r p l a s t i c s t r e s s i n g i s increased, s o t h e y i e l d s u r f a c e must extend i n t h i s d i r e c t i o n .
Thus, t h e f u n c t i o n a l d e f i n i t i o n of t h e y i e l d s u r f a c e must contain some i n t e r n a l hardening v a r i a b l e . The most commonly used parameters i n t h e c l a s s i c a l formulations a r e t h e kinematic "back s t r e s s , " o r the e f f e c t i v e p l a s t i c s t r a i n , both f u n c t i o n s of t h e p l a s t i c s t r a i n t e n s o r , o r t h e t o t a l p l a s t i c work. Since t h e p l a s t i c work t o a p a r t i c u l a r p l a s t i c s t r a i n i s not unique f o r r a t edependent s t r e s s l e v e l s , t h e p l a s t i c s t r a i n t e n s o r is assumed t o be t h e i n t e r n a l hardening v a r i a b l e . F i n a l l y , t h e y i e l d s t r e s s is shown experimentally to vary with r a t e of loading. For a rate-dependent y i e l d s u r f a c e , some i n t e r n a l r a t e parameter must a l s o be included among the v a r i a b l e s s p e c i f y i n g the y i e l d f u n c t i o n /8/. It i s c r u c i a l f o r a coherent theory t h a t the c o r r e c t r a t e v a r i a b l e be used f o r t h i s formulation. From a conceptual p o i n t of view, it is no longer convenient t o view the y i e l d s u r f a c e a t high values of t h e r a t e v a r i a b l e a s enclosing only the region of e l a s t i c response. S t r i c t l y , only t h e " s t a t i c " y i e l d s u r f a c e , corresponding t o a zero value of t h e r a t e v a r i a b l e , encloses only e l a s t i c m a t e r i a l response.
It i s assumed t h a t t h e increments of s t r a i n a r i s i n g from d i f f e r e n t p h y s i c a l mechanisms may be d i s t i n g u i s h e d . Thus a t o t a l s t r a i n increment i s t h e sum of e l a s t i c and p l a s t i c p a r t s .
The e l a s t i c p a r t is due t o changes i n l a t t i c e spacing within the c r y s t a l and involves t h e establishment of new atomic equilibrium p o s i t i o n s under t h e i n f l u e n c e of an applied f o r c e increment. This behavior i s e f f e c t i v e l y instantaneous and t h e r e f o r e cannot be a f a c t o r i n a r a t e / t i m e dependent phenomena.
The p l a s t i c p a r t of t h e s t r a i n increment
o n t a i n s t h e t o t a l s t r a i n r a t e /9/. However, use of t h i s v a r i a b l e r e q u i r e s s e p a r a t e assumption of c o n s i s t e n t s t r e s s -s t r a i n behavior during change of r a t e m a t e r i a l t e s t s .
Thus, t h e r e is a general y i e l d s u r f a c e i n the extended s t r e s s space, given by where super d o t s r e p r e s e n t time d e r i v a t i v e s . Now, being on t h i s y i e l d s u r f a c e d e f i n e s t h e " p l a s t i c s t a t e , " s o t h a t throughout t h e p l a s t i c deformation equation (2) must hold.
Changes i n t h e i n t e r n a l s t a t e v a r i a b l e s must be such t h a t
Also required i s a s p e c i f i c a t i o n of t h e d i r e c t i o n of p l a s t i c s t r a i n , i.e. the r e l a t i v e s i z e of the components of t h e incremental p l a s t i c s t r a i n t e n s o r . The c l a s s i c a l a s s o c i a t e d flow r u l e is adopted without modification, thus Using equation ( 4 ) i n t h e d e f i n i t i o n of e f f e c t i v e p l a s t i c s t r a i n increment gives
m e n , using equations ( 4 ) and ( 5 ) 
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Equation ( 7 ) i s an e v o l u t i o n a r y equation f o r the i n t e r n a l r a t e v a r i a b l e ?. The equation was derived simply from t h e d e f i n i t i o n of a r a t e dependent y i e l d s u r f a c e and did not need t o be s e p a r a t e l y assumed.
An approximate s o l u t i o n t o equations ( 6 ) o r ( 7 ) i s obtained by a method common i n nonlinear numerical s t r u c t u r a l analyses, the use of small, f i n i t e time increments. Thus the v a r i a b l e c o e f f i c i e n t s i n e i t h e r equation a r e assumed t o be c o n s t a n t , with t h e value from t h e beginning of the time s t e p , and only t h e incremental o r r a t e q u a n t i t i e s evolve with time. A s t h e time s t e p is made s m a l l e r , the s o l u t i o n obtained from t h i s procedure w i l l approach the e x a c t one.

With t h i s s i m p l i f i c a t i o n equation (71, f o r example, becomes a l i n e a r f i r s t o r d e r d i f f e r e n t i a l equation f o r ZP within t h e small time increment, with an i n i t i a l c o n d i t i o n which s p e c i f i e s t h e c o n t i n u i t y of e f f e c t i v e p l a s t i c s t r a i n r a t e between time increments. For t h e f i r s t p l a s t i c s t r a i n increment, of course Solving equation ( 7 ) then gives
Applying t h e i n i t i a l condition, equation ( 7 a ) , allows the c o n s t a n t of i n t e g r a t i o n ,
B l r t o be evaluated a s
Thus, the e f f e c t i v e p l a s t i c s k r a i n r a t e i s 
The y i e l d s u r f a c e is assumed t o t r a n s l a t e i n t h e d i r e c t i o n of p l a s t i c s t r a i n . Thus the t r a n s l a t i o n i s given by
where C i s a unique m a t e r i a l parameter. For i s o t r o p i c m a t e r i a l s t h e r e i s no ambiguity i n t h e d e f i n i t i o n .of C.
However, f o r a n i s o t r o p i c behavior, t h e determination of C must be s p e c i f i e d .
The determination of the m a t e r i a l hardening parameter, C, was performed f o r a n i s o t r o p i c s t a t i c p l a s t i c i t y i n / l o / , where t h e following assumptions were made i. The m a t e r i a l i s t r a n s v e r s e l y i s o t r o p i c
ii . The 1 1 d i r e c t i o n i s predominant iii. The s t r e s s -s t r a i n r e l a t i o n s f o r " s t a t i c " , u n i a x i a l s t r e s s m a t e r i a l t e s t s have a b i l i n e a r form.
Then, the parameter C is c o n s t a n t and may be determined from u n i a x i a l s t r e s s t e s t s a s T 2 c = -
where E~ i s t h e s t a t i c p l a s t i c modulus. 11
The r a t e e f f e c t i s a l s o presumed to be equal i n t h e t h r e e o r t h o t r o p i c d i r e c t i o n s , with the y i e l d s u r f a c e expanding uniformly due t o i n c r e a s i n g r a t e of loading. With t h e same assumption used i n t h e d e r i v a t i o n of t h e hardening parameter, u n i a x i a l s t r e s s t e s t s i n t h e 11 d i r e c t i o n over a range of s t r a i n r a t e s a r e f i t t o t h e standard r e p r e s e n t a t i o n where Y i s t h e " s t a t i c " y i e l d s t r e s s i n 11 d i r e c t i o n , b i s t h e s t r a i n -r a t e " l o hardening parameter, and E i s the t r a n s i t i o n s t r a i n r a t e .
The method of f i t t i n g t h i s equation t o experimental s t r e s s -s t r a i n curves r e q u i r e s some c a r e . The experimental u n i a x i a l s t r e s s t e s t s a r e g e n e r a l l y performed a t a c o n s t a n t t o t a l s t r a i n r a t e .
However, t o t a l s t r a i n r a t e is not the required r a t e v a r i a b l e f o r use i n equation ( 1 4 ) . For a b i l i n e a r model of the experimental curve, t h e p l a s t i c s t r a i n r a t e becomes c o n s t a n t a f t e r a very l i m i t e d amount of p l a s t i c s t r a i n . Back e x t r a p o l a t i o n t o the e l a s t i c l i n e along a l i n e a r p l a s t i c l i n e w i l l generate apparent y i e l d s t r e s s versus c o n s t a n t p l a s t i c s t r a i n r a t e d a t a .
Since we a l s o assume, along with equation ( 1 4 (1 1 ) by the square of the q u a n t i t y i n brackets i s o l a t e s the r a t e dependence i n a s i n g l e term of the y i e l d s u r f a c e expression. This s i m p l i f i e s t h e form of the r e l e v a n t d e r i v a t i v e s required i n equation (1 0 ) .
IV -DISCUSSION
Equation ( 10) r e p r e s e n t s the increment of rate-dependent p l a s t i c s t r a i n f o r a small time i n t e r v a l i n a form u s e f u l i n incremental nonlinear f i n i t e element codes. The c a l c u l a t i o n of y i e l d s u r f a c e d e r i v a t i v e s from t h e expressions generated a s equations ( 1 1 ) -(14) completes t h e s p e c i f i c a t i o n of the approximate i n c r e~~n t a l theory. A l l of t h e q u a n t i t i e s required to e v a l u a t e these d e r i v a t i v e s , e.g. E= , a r e known a t t h e beginning of the time i n t e r v a l . Hence the use of these expressions i n incremental nonlinear s t r u c t u r a l codes does not r e q u i r e the modification of the incremental s o l u t i o n s t r a t e g y .
The s e l e c t i o n of the c o r r e c t v a r i a b l e t o r e p r e s e n t t h e r a t e e f f e c t can s i g n i f i c a n t l y s i m p l i f y t h e behavior of the m a t e r i a l model.
The use of t h e p l a s t i c s t r a i n r a t e a s i n t h e c u r r e n t model, means t h a t t h e " y i e l d " of the m a t e r i a l always occurs a t the s t a t i c y i e l d s t r e s s , s i n c e t h e p l a s t i c s t r a i n r a t e is zero before p l a s t i c deformation begins.
The p l a s t i c s t r a i n r a t e i n c r e a s e s continuously a f t e r y i e l d , a s described by equation (10). The appearance of t h e u n i a x i a l s t r e s s -s t r a i n curve a f t e r y i e l d shows t h a t t h e i n i t i a l slow p l a s t i c s t r a i n r a t e does not v i s i b l y change t h e s l o p e of the e l a s t i c l i n e , u n t i l an a b r u p t t r a n s i t i o n occurs t o t h e plasEic l i n e a t a s t r e s s l e v e l corresponding t o the f i n a l p l a s t i c s t r a i n r a t e /I/. During r a t e increment t e s t s , where the s t r a i n r a t e i s i n s t a n t a n e o u s l y increased from a lower t o a higher value, t h e model with p l a s t i c s t r a i n r a t e a s v a r i a b l e r e t u r n s t o a n e a r l y e l a s t i c l i n e u n t i l t h e p l a s t i c l i n e corresponding t o the higher r a t e i s approached, where a r a p i d t r a n s i t i o n t o t h i s l i n e occurs.
In c o n t r a s t , t h e use of t o t a l s t r a i n r a t e a s r a t e v a r i a b l e r e q u i r e s t h a t the " y i e l d " of t h e m a t e r i a l depends on t h e e x t e r n a l l y a p p l i e d s t r a i n r a t e . Thus continuous checking i s required t o determine whether or not t h i s m a t e r i a l is i n a p l a s t i c s t a t e .
In a d d i t i o n , f o r r a t e increment t e s t s , the m a t e r i a l must be assumed t o i n s t a n t a n e o u s l y t r a n s i t i o n between d i f f e r e n t l e g s of the p l a s t i c l i n e corresponding t o t h e d i f f e r e n t r a t e s , i n o r d e r t h a t t h e uniqueness of t h e d e f i n i t i o n of p l a s t i c s t r a i n increment may be maintained /9/. This behavior during changes of r a t e i s i n c o n s i s t e n t with the experimentally observed behavior of m a t e r i a l s /3/.
